Here we extend this approach to asymmetric Nb-AlN-NbN junctions and compare the calculated current-voltage characteristics to our experimental results.
space and ground-based mm-and submm-range radio telescopes. The widespread use of the Nb-AlO x -Nb tunnel junctions is due to the fact that a very thin Al layer can completely cover the base Nb electrode [14] [15] [16] while compensating the surface roughness of the Nb film, yielding a very high-quality tunnel barrier.
To realize a quantum-limited performance at frequencies of about 1 THz, SIS tunnel junctions with high current density, high energy gap and extremely small leakage currents are required. However, there exists a limit for increasing of the AlO x barrier transparency:
at values of the current density higher than about 10-15 kA/cm 2 an abrupt degradation of the junction quality takes place. The idea of utilizing SIS tunnel junctions for heterodyne mixing at THz frequencies has received a remarkable support due to the development of NbAlN-Nb tunnel junctions with very high current densities up to 100 kA/cm 2 [17] [18] [19] [20] [21] [22] . This corresponds to low R N S values down to 2 Ωµm 2 (R N and S are the normal-state resistance and area of the SIS junction, respectively). Implementation of the AlN tunnel barrier in combination with a NbN top superconducting electrode provides a significant improvement in the quality of the SIS junction at high current density [22, 23] . In this case, the ratio of subgap to normal state resistance (R J /R N ), which characterize quality of the tunnel barrier, becomes substantially enhanced. The R J /R N as high as 28 was realized for NbAlN-NbN junctions at tunnel current density 20 kA/cm 2 ; this value far exceeds figures for Nb-AlN-Nb (R J /R N = 16) and Nb-AlO x -Nb (R J /R N = 7) junctions, at the same current density [23] . Along with low leakage current, the Nb-AlN-NbN junctions provide high energy gap voltage V g up to 3.7 mV, which extends considerably the operation range of SIS mixers at frequencies of around 1 THz [24] .
High-quality Nb-AlN-NbN tunnel junctions were successfully used for development of Josephson flux-flow oscillator (FFO) [25] which serves as a local oscillator in fully integrated superconducting receivers [26, 27] . Higher gap voltage of Nb-AlN-NbN junctions as compared to Nb-AlO x -Nb, results in higher Josephson self-coupling voltage V JSC = V g /3 [28] (in frequency units 620 GHz for the Nb-AlN-NbN junctions versus 450 GHz for Nb-AlO xNb), which provides an opportunity to engineer junction properties to suit the imposed requirements to a local oscillator.
Despite the success in fabrication and use of Nb-AlN-NbN FFO, theory of these systems remains far from being developed. Most of the theoretical studies of FFO so far were based on the perturbed sine-Gordon equation (PSGE) which does not use any information about the material and, therefore, unable to provide an adequate description of realistic devices.
This paper aims to fill this gap by providing theoretical description of Nb-AlN-NbN FFO from the perspective of the microscopic tunneling theory (MTT) [29, 30] .
II. MICROSCOPIC TUNNELING MODEL OF FFO
FFO was proposed in 1983 [25] and it took years of research before a practical system was developed [31] . Reliability of FFO as a local oscillator in high-resolution heterodyne spectrometers [32] has been verified in field, in studies of the Earth atmosphere [26, 33] , and in the lab, in measurements of radiation emitted from BSCCO intrinsic Josephson junction stacks [27, 34] . Despite the FFO has been a subject of many theoretical studies [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] , its description has been largely limited by the PSGE. The PSGE is a phenomenological theory whose treatment of the superconducting and quasiparticle tunnel currents is only justified in a static (i.e. low-frequency) limit and close to the critical temperature [55] , conditions which are rarely satisfied in practical systems. Furthermore, PSGE does not use any information about energy gaps of the constituting materials which is essential for systems operating in high-frequency regime. Recently, we have initiated an approach to FFO based on the microscopic tunneling theory and applied it to the description of Nb-AlOx-Nb junctions [56] .
The study yielded development of the MiTMoJCo code (Microscopic Tunneling Model for Josephson Contacts) [57] to aid calculations which use microscopic tunneling theory [29, 30] .
Below, we will extend this approach to a more general case of asymmetric junctions made of different superconducting materials, such as Nb-AlN-NbN.
In the study of Nb-AlO x -Nb FFO [56] it was shown that coupling to the SIS detector makes little or no effect to the shape of current-voltage characteristics (IVC) of FFOs. As in this paper we are mainly interested in the effect of finite superconducting energy gaps of two superconductors on the shape of IVC, here we neglect the contribution of the load and assume the FFO radiation end is unloaded. Then, in normalized units, the quasi onedimensional microscopic model of FFO of width profile W (x) is [56] ,
and the superconducting phase difference ϕ(x, t) satisfies boundary conditions at the FFO's ends
Here, L and W (x) are the normalized length and width of the junction, respectively, k = ω g /ω J is ratio of the gap and Josephson plasma frequencies, β is the surface damping parameter and h ext is the normalized external magnetic field in units j c λ J . Assuming a mirror symmetry of the FFO layout along the x axis, the effective bias current equals
where h γ (x) is magnitude of the normalized magnetic field induced by the bias current along x. The spatial profile of the effective bias current h γ (x) is not known precisely as it depends on the electromagnetic environment in presence of all electrodes and circuitry. For a comprehensive numerical modeling it can be determined by a full electromagnetic calculation using the specialized software [58] [59] [60] [61] . In this paper, we resort to a simple model where
is taken constant. The justification for this is that while in a long superconducting strip the current rises towards the edges as ∼ 1/ √ ∆x [62] , where ∆x is the distance from the edges, in real FFO systems the width of the electrodes is normally made smaller than the FFO length to compensate for this rise.
Real-valued time-domain kernels j p (τ ) and j qp (τ ) satisfy the causality condition
and are connected to the complex quantitiesj p (ξ) andj qp (ξ) in the frequency domain by the inverse Fourier transforms [56] , Note the difference of the two different sign conventions of Fourier transforms which is kept for historical reasons (see note [54] in Ref. [56] ). As consequence of the causality (5), the transformed quantities satisfyj p,qp (−ξ) =j * p,qp (ξ), whereas their real and imaginary parts are connected by dispersion relations of the Kramers-Kronig type [63, 64] . The complex functionsj p (ξ) andj qp (ξ) are referred to as tunnel current amplitudes (TCAs). The following three sections will be devoted to determination of TCAs for Nb-AlN-NbN junctions.
III. TUNNEL CURRENT AMPLITUDES FOR NB-ALN-NBN JUNCTION
Expressions for TCAs were derived from the Bardeen-Cooper-Schrieffer (BCS) theory by Larkin and Ovchinnikov [30] . For Josephson junction formed by superconductors with gap energies δ 1 ≡ ∆ 1 / ω g and δ 2 ≡ ∆ 2 / ω g normalized to the gap energy ω g ≡ ∆ 1 + ∆ 2 and at temperature T which enters via the parameter α ≡ ω g /2k B T , these expressions are summarized in the Appendix of Ref. [56] (we refer readers to the verified expressions in Ref. [56] because the original expressions of Larkin and Ovchinnikov were given with a misprint). The BCS predictions differ slightly from experimental observations: in Nb junctions a smaller critical current densities are observed while the logarithmic singularities (Riedel peaks) are smeared by several competing mechanisms [55, 64] . To compensate these deficiencies, phenomenological corrections are applied to the BCS results, that is (i) smoothing the Riedel peaks, and (ii) renormalizing the pair current density.
We correct bare BCS TCAs introducing a phenomenological peak width 2δ and using the smoothing procedure which conserves the Kramers-Kronig transforms [64] . For an asymmetric junction with δ 1 = δ 2 , assuming 0
where the plus and minus signs in Eqs. (7), (8) correspond to the pair and quasiparticle currents, respectively. Value of the phenomenological smoothing parameter δ is determined by the experiment. In Ref. [56] we used IVC of voltage biased SIS mixer made using the same technology as the FFO to determine the optimal parameter δ for smoothness of the Riedel peaks. As we will show in the next sections this parameter can also be obtained directly from the IVC of FFO.
The pair current correction is implemented by performing a replacement
with the suppression parameter α supp < 1 and leaving intact the quasiparticle component j qp (ξ).
IV. FFO IN LARGE MAGNETIC FIELD LIMIT
Presence of a large magnetic field suppresses the Josephson effect so that the dynamics of the junction is fully determined by the quasiparticle current. In this regime theoretical description of FFO becomes particularly simple and enables to derive analytical formulas.
To simplify the theoretical analysis consider a FFO of constant width W (x) = 0 and neglect the surface damping β = 0,
where γ = I/I c and j(x, t) is given by the expression (2). Consider the limit of a very high magnetic field h ext 1. In a steady state the superconducting phase difference can be taken in the form
where v dc is the normalized dc voltage in units ω J /e and the terms neglected in (10) are of the order O(1/h 2 ext ). Substituting (10) to (9) and taking the time average, we get
Using the causality properties of the TCAs (5), we can extend the integration to the negative values of t and write
or, using the definition of γ and I c ≡ (V g /R N )Rej p (0), in physical units,
Thus, at high values magnetic fields the IVC branches converge to the imaginary part of the quasiparticle tunnel current amplitude Imj qp . Interestingly, the expression (11) coincides with that for a voltage-biased small Josephson junction whose IVC is also given by Imj qp .
V. DETERMINATION OF THE RIEDEL PEAK SMOOTHING FROM THE IVC OF FFO
The fact that the IVC branches at high magnetic field follow Imj qp can be used to extract value of the smoothing parameter from experimental data. In Fig. 1 
VI. NUMERICAL CALCULATION OF IVC OF NB-ALN-NBN FFO
We use MiTMoJCo C library [57] For the TCAs to be used in numerical calculations with MiTMoJCo, their fits by series of exponents need to be obtained. In our implementation of the fitting procedure we follow
Ref. [56] . First, the desired ratio τ a /τ r of the absolute τ a and relative τ r tolerances is chosen, which we take equal to 0.2. Then, we fit the exact TCAs by Fourier transforms of the sum of N exponentials [56, 74] by minimizing the cost function
using the least square routine. Here, X represents the functions Rej p (ξ), Imj p (ξ), Rej qp (ξ), Imj qp (ξ), respectively, and w (X exact ) is the weight function introduced to achieve a good fit of the TCA in the subgap region. Unfortunately, the improper behavior of the fitted TCA in the subgap region has been a major reason of failure of early attempts to employ the Odintsov-Semenov-Zorin algorithm to description of Josephson junctions [74] [75] [76] . Here we take the weight function w (X exact ) = 1/ max(τ a /τ r , |X exact |) which stresses the low-valued regions of the TCAs. Fits of TCAs obtained using N = 8 terms are shown in Fig. 2a . The exact TCA are also shown by dashed lines, although, these are indistinguishable from the fits due to the high fit quality. The relative errors defined as
are shown in Fig. 2b . As seen from the figure, our TCA fits achieve relative tolerance τ r = 0.004 at an absolute tolerance τ a = 0.0008.
Using the obtained TCA fits for Nb-AlN-NbN junction, we calculate numerically the IVC of Nb-AlN-NbN FFO using the MiTMoJCo code [57] . In our numerical calculations we use This turns out to be a universal feature which has been exhibited in numerical simulations of symmetric Nb-AlO x -Nb junctions [56] . We could not explain these discrepancies within the present model and can attribute those to a possible influence of the idle region [65] [66] [67] [68] [69] [70] [71] [72] [73] which we neglect in the present model. The discrepancy for even higher voltages above 1.5 mV is associated with the influence of non-equilibrium effects which were also observed in Ref. [56] and cannot be described by the existing MTT which assumes the equilibrium distribution of quasiparticles [30] . 
VII. CONCLUSION
Despite a number of theoretical works dedicated to linewidth of flux-flow oscillator [36, 38, 42, 43, 47, 49, 52, 53] , the problem of an adequate theoretical description of FFO linewidth has not been solved: the experimentally observed linewidth and existing theoretical predictions still disagree by as much as order of magnitude. Given that the previous theoretical works were based on PSGE, such disagreement should not be surprising: for reliable theoretical treatment of FFO the information about finite superconducting energy gaps of the materials should be necessarily taken into account which is ignored in PSGE. In this paper
we have introduced a theoretical description of Nb-AlN-NbN FFO based on the MTT. Our The presented study uncovers the intrinsic limitation of MTT itself reflected in its inability to describe effects caused by non-equilibrium quasiparticle densities in presence of radiation with frequencies above the Nb gap frequency. The disagreement between our experimental results and theoretical description in this frequency region can be a motivating factor for theoretical developments beyond the currently existing equilibrium MTT.
We expect that the described microscopic approach to Nb-AlN-NbN junctions will be indispensable for theoretical description of Josephson systems of a non-trivial spatial layout containing a T-junction [77] [78] [79] [80] implemented in Nb-AlN-NbN technology. Indeed, as has been recently shown in [81] , presence of a T-junction may result in the appearance of the regime of chaotic self-coupling characterized by coupling of the tunnel currents to electromagnetic waves at all frequencies of a broad radiation spectrum rather than the Josephson frequency exclusively.
